Abstract. We study the distribution of the traces of the Frobenius endomorphism of genus g curves which are quartic non-cyclic covers of P 1 Fq , as the curve varies in an irreducible component of the moduli space. We show that for q fixed, the limiting distribution of the trace of Frobenius equals the sum of q + 1 independent random discrete variables. We also show that when both g and q go to infinity, the normalized trace has a standard complex Gaussian distribution. Finally, we extend these computations to the general case of arbitrary covers of P 1 Fq with Galois group isomorphic to r copies of Z 2Z. For r = 1, we recover the already known hyperelliptic case.
Introduction
One of the most influent result in class field theory is Chebotarev's density theorem. As it is well known, this result is a deep generalization of the Theorem of Dirichlet about equidistribution of rational primes in arithmetic progression and gives a complete understanding of the distribution of primes in a fixed Galois number field extension with respect to their splitting behavior (for an interesting discussion of the theorem and its original proof see [LS96] ). In the function field case the parallel statement is carried over by the Sato-Tate conjecture for curves, which studies the distribution of the Frobenius endomorphism of the reduction modulo p of a fixed curve, when the prime p varies.
In order to complement this research line in other directions, several mathematicians were led to consider the following new general problem: given a family of curves, satisfying certain properties, of genus g over F q , understand the distribution of the Frobenius endomorphism of the curves of the family. This is sometimes called the vertical Sato-Tate conjecture, since the prime p is fixed and the curve varies in the family. This study can be done in two different ways, depending on whether we let the genus g tend to infinity or the cardinality q of the field. It is then interesting to compare both limit results.
When g is fixed and q goes to infinity the problem can be solved thanks to Deligne's equidistribution theorem (cf. [KS99, ] ) while for the complementary case different techniques are applied depending on the particular family considered. The fluctuation in the number of points at the g-limit has been studied for different families of curves, such as:
• Hyperelliptic curves , cf. [KR09] , [BDFL09] ,
• Cyclic trigonal curves (i.e. cyclic 3-covers of the projective line), cf. [BDFL09] , [Xio10] , • General trigonal curves, cf. [Woo12] , • p-fold cover of the projective line, [BDFL11] , • ℓ-covers of the projective line, cf. [BDFL09] and [BDF + 15] .
In the present paper, we study the distribution of the number of points over F q for a genus g curve C defined over F q which is a quartic non-cyclic cover of the projective line P 1 Fq , at the q-limit (for a genus g fixed) and at the g-limit (with q fixed).
Let B g (F q ) be the family of such genus g curves and consider the following decomposition B g (F q ) = ⋃ g 1 +g 2 +g 3 =g
where B (g 1 ,g 2 ,g 3 ) (F q ) denotes the subfamily of curves C ∈ B g (F q ) such that the three hyperelliptic quotients of C have genera g 1 , g 2 and g 3 . The main theorem of the paper is the following:
Theorem. In the limit when the three genera g 1 , g 2 , g 3 go to infinity {C ∈ B (g 1 ,g 2 ,g 3 ) (F q ) ∶ Tr(Frob C ) = −M} ′ B (g 1 ,g 2 ,g 3 ) (F q ) ′ = Prob 1 with probability 6 4(q+3) 3 with probability q 4(q+3)
Outline. In Section 2 we introduce the family of biquadratic curves and we give a parametrization of the family in terms of terns of coprime square-free polynomials. In Section 3 we compute the monodromy group of the family in the sense of Katz and Sarnak (cf. [KS99, Ch. 9]) and we obtain the corresponding distribution of the Frobenius traces at the q-limit. In Section 4 the main theorem is proven and in Section 5 the moments of the Frobenius traces are computed at the g-limit, proving that when both g and q go to infinity the normalized trace has a standard complex Gaussian distribution. Finally, in last section, main theorem is generalized for an arbitrary cover of the projective line with Galois group isomorphic to r copies of Z 2Z.
Notations. We now fix some notations and conventions that will be valid in the sequel.
• p ≠ 2 is a prime integer, and q is a positive power of p.
• k = F q (t) is the function field of P 1 Fq , and K k is a finite extension.
• (f, g) denotes the greatest common divisor of two polynomials f, g ∈ F q [t].
• deg(f ) denotes the degree of a polynomial f .
•f is the polynomial obtained inverting the order of the coefficients of f .
The family of biquadratic curves
We first define and give the basic properties of the family of biquadratic curves. We determine its genus in terms of the equations defining the curves, and we study the irreducible components of the coarse moduli space of biquadratic curves.
Recall that if K F q (t) is a finite Galois extension such that K ∩F q = F q , then there exists a unique nonsingular projective curve C with function field F q (C) = K, together with a regular morphism ϕ ∶ C → P 1 Fq defined over F q (cf. [Har77, I,Th. 6.6, Th.6.9]). Definition 2.1. We will call biquadratic curve a smooth projective curve C, together with a regular morphism ϕ ∶ C → P 1 Fq defined over F q , that induces a field extension with Galois group Gal(
Since char(k) ≠ 2, it is clear that every non-cyclic quartic extension of k is of the form K = k( h 1 (t), h 2 (t)), for some h 1 (t), h 2 (t) ∈ F q [t] different non-constant polynomials, that we can take to be square-free. Moreover, if the leading coefficient lc(h i ) is a square in F q , then we can assume that this is equal to 1. Therefore, if C is a biquadratic curve, then an affine model of C in A Fq is given by
) are the same if and only if we have the equality of sets:
Remark 2.3. Recall that if π ∶ C → P 1 , whose affine plane model is y 2 = F (t), with F (t) a square-free polynomial over F q , then the point at infinity is ramified in the cover π iff the degree d of F is odd. Indeed, if we take take u = 1 t , then the function field of C is:
and then it is clear that t = ∞ ramifies iff the point u = 0 ramifies, i.e. iff d is odd.
be different square-free polynomials, and let C be the curve whose function field is k(C) = k( h 1 (t), h 2 (t)). For every i = 1, 2, write h i = f f i , with f = (h 1 , h 2 ), and define h 3 ∶= f 1 f 2 .
If we denote by C i the hyperelliptic curve whose affine plane model is given by the equation y 2 = h i (t), for i = 1, 2, 3, then we have the following formula for the genus of C:
Moreover, if we denote by n ∶= deg(f ) and n i ∶= deg(f i ),
Proof. Let us denote by R ∶= Ram(π) the subset of all points of P 1 Fq which are ramified in the cover π ∶ C → P 1 Fq . Riemann-Hurwitz formula (cf. [Ros02, Theorem 7 .16]) implies that 2g(C) − 2 = 4(2 ⋅ 0 − 2) + 2 R . So, g(C) = R − 3. Again, for the hyperelliptic cover π i ∶ C i → P 1 and the ramification sets
We can also apply Riemann-Hurwitz formula to the morphism π, and so we have:
Now, we introduce some sets of polynomials that will be useful:
Definition 2.5. We denote by B g (F q ) the family of biquadratic curves defined over F q and of fixed genus g. It can be written as a disjoint union of subfamilies indexed by unordered 3-tuples of positive integers g 1 , g 2 , g 3 , i.e.
where B (g 1 ,g 2 ,g 3 ) (F q ) denotes the family of curves over the set of polynomialsF [n,n 1 ,n 2 ] such that
The family B g (F q ) of biquadratic curves defined overF q is a coarse moduli space over
. A detailed geometric study of this moduli space can be found in [PG05b] and [PG05a] .
Remark 2.6. One has the following equalities:
where the ′ notation, applied both to cardinality and summation, means that each one of the curves C in the moduli spaces is counted with the usual weight
Remark 2.7. Notice that F (n,n 1 ,n 2 ) = (q−1) 2 F (n,n 1 ,n 2 ) and that we can see the setF (n,n 1 ,n 2 ) as the set of the quadratic twists of elements in F (n,n 1 ,n 2 ) given by the equations
3. Monodromy group of the family A useful reference for this section is [KS99, Ch. 9]. Let S be an open set of Spec F q and let C → S be a smooth proper morphism of schemes such that the geometric fibers C x ⊗ F q are smooth projective curves of genus g over F q .
Fix a prime integer ℓ ≠ p. Then, there exists an ℓ-adic representation
with the following interpolation property: for every closed point x ∶ Spec F q → S the induced representation
is isomorphic to the ℓ-adic representation
Once fixed an embedding ι ∶ Q ℓ ↪ C, we have a 2g-dimensional complex representation ι ⋅ ρ ℓ . The image of this representation is a subgroup of GL 2g (C) called the monodromy group of the family.
For every integer d ≥ 1, the set of polynomials F d defined in Section 2 can be algebraically realized as a Zariski-open subset of A d
Fq . This could be done redefining it in the following way:
Let H g denote the family of genus g hyperelliptic curves over F d , whose fiber over the polynomial F ∈ F d is given by the curve whose affine plane model is y 2 = F (t). In [KS99, 10.1], it is proved that the monodromy group either of the family H g over F 2g+1 and of the family H g over F 2g+2 is G geom = Sp 2g (C).
Proposition 3.1. The monodromy group of the family B g 1 ,g 2 ,g 3 (F q ) is the biggest possible, namely it is the symplectic group Sp 2g (C).
Proof. The set of polynomials F [n,n 1 ,n 2 ] defined in Section 2 can be realized as a Zariski-open subset of A n Fq × A
Fq . The family of genus g curves over F [n,n 1 ,n 2 ] , whose fiber over the pair (f,
is given by the curve whose affine model is y
, is exactly the subfamily of genus g biquadratic curves B g 1 ,g 2 ,g 3 (F q ) defined in Section 2.
Let N ∶= max(n, n 2 , n 3 ). By the symmetry of the parametrization we can assume for example that N = n and then we fix two square-free polynomials f 1 , f 2 of degrees n 1 , n 2 such that f 1 f 2 is square-free. Therefore we can consider the open immersion
The monodromy group of the family H g of hyperelliptic curves over this subset of F n is the same as if we consider the family over all F n . Finally, the monodromy group of the family B (g 1 ,g 2 ,g 3 ) (F q ) can only increase and, after results of [KS99, 10.1], it is the biggest possible.
Applying Deligne's equidistribution theorem (cf. [KS99, 9.3,9.2]) and random matrix theory (cf. [DS94, 4]), we have the following distribution result at the q-limit for the family
Corollary 3.2. Let g ≥ 3 be a fixed integer. When q goes to ∞, the classes of the Frobenius automorphisms {Frob C } C∈B (g 1 ,g 2 ,g 3 ) (Fq) acting on the firstétale cohomology group H 1 et (C, Q ℓ ) are equidistributed with respect to the Haar mesure associated to the maximal compact subgroup of Sp 2g (C), i.e.
4.
The distribution for n = 1
Let χ denote the quadratic character in F q , we set, for any element (f,
, and
where for the point at infinity we define
Hence, we have the equality
The goal of this section is to prove the following theorem, which is a more precise statement of the theorem in the Introduction.
Theorem 4.1. In the limit when the three degrees n, n 1 , n 2 go to infinity
where the X j are i.i.d. random variables such that
−1 with probability
1 with probability 6 4(q+3) 3 with probability
The proof of the Theorem runs as in [KR09] (resp. [BDFL09] ) for the equivalent statement for hyperelliptic curves (resp. l−cyclic covers).
is the number
The number of elements in the set
where L ∶= ∏ P prime (1 − P −2 (1+ P −1 ) 2 ). Proof. By inclusion-exclusion principle (same notations as in [GGL95, Theorem 13.5]), with
But notice that when (D, U) = 1
hence Lemma 4.2 implies
) .
So, one has
Now, we observe that
),
where we have that
We can prove that 0 < L < 1 (see next Remark 4.4). So, finally
Remark 4.4. We need to prove that the infinite product ∏ P prime (1 − P −2 (1+ P −1 ) 2 ) converges to a real number L such that 0 < L < 1. The Prime Polynomial Theorem implies that this is equivalent to prove that the infinite product
converges to a real numberL such that 0 <L < 1 (remember that q ≥ 3).
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Because 1 − 1 (q ν +1) 2 q ν ν < 1, we have thatL < 1. In order to prove that 0 <L, and since for z ∈ (0, 1) we have log(1 − z) ≥ z z−1 , it is enough to prove that
Thus,
Proposition 4.5. Let 0 ≤ l ≤ q, let x 1 , ..., x l be distinct elements of F q , and a 1 , ..., a l , b 1 , ..., b l ∈ F * q . Then, for any 1 > ǫ > 0, we have
where
Using Lemma 4.3 we have that
where for any polynomial U, we define
In order to evaluate ∑ deg(U )=n c(U), we consider the Dirichlet series
Notice that H(w) converges absolutely for Re(w) > 0, and G(w) is meromorphic for Re(w) > 0 with simple poles at the points w where ζ q (w) = (1 − q 1−w ) −1 has poles, that is, 1 + i 2πn logq . Thus, G(w) has a simple pole at w = 1 with residue
where K = H(1).
Using Theorem 17.1 of [Ros02] , which is the function field version of the Wiener-Ikehara Tauberian Theorem, we get that
for all ǫ ≥ 0 and where, looking at the proof of the theorem and proceding as in 
) . 
Proof. Let us write
, where e 
Corollary 4.8. Let 0 ≤ l ≤ q, let x 1 , ..., x l be distinct elements of P 1 (F q ), and let e 1 i , e 2 i , e i ∈ {−1, 0, 1} be such that χ(f (x i ) 2 )e i = e 1 i e 2 i , and exactly 2m of them are equal to zero. Then
is also equal to the number C l m defined in Corollary 4.7. Proof. Distinguish the case in which some x j is the point at infinity or not. Generalize Corollary 4.7 for the setsF (n,n 1 ,n 2 ) looking at the symmetry observed in Remark 2.7, and add for the different components ofF [n,n 1 ,n 2 ] .
Proof. (of Theorem 4.1) Apply Corollary 4.8 in order to compute
where we use the notation N i for the number of elements equal to i in the vectors (E 1 , ..., E q+1 ).
Averages and moments sequences
We want to compute the moments of Tr(Frob C ) √ 1 + q. That is, the k th moments
Theorem 5.1. With notation in Theorem 4.1, we have
Corollary 5.2. If g 1 , g 2 , g 3 and q tend to infinity, then the moments of Tr(Frob C ) √ Proof. (of Theorem 5.1) We can write the k th moment as
and c(k, l) is a certain combinatorial factor. We do not need exact formulas for it, but as it was notice in [BDFL09]
We obtain that
where the error term is estimated using 5.1. On the other hand, the corresponding moment of the normalized sum of our random variables is
4(q + 3) and X 1 , ..., X 1+q are independent, we get the equality in the statement of the theorem.
General case
Proposition 6.1. Let C F q be a curve with a regular morphism ϕ ∶ C → P 1 Fq such that
We call such a curve r-quadratic, and an affine model of C in A r+1 is given by
where each h i is different from ∏ j∈J h j for every non-empty subset {i} ≠ J ⊆ {1, . . . , r}, and where we take h i square-free.
For every non-empty J ⊆ {1, . . . , r}, the affine equation
defines a quadratic subextension of F q (C) k and every quadratic subextension of F q (C) k is obtained in this way, so there are 2 r − 1 of them. Write C J for the hyperelliptic curve given by the affine equation y 2 = ∏ J∈J h j (t). Then
Theorem 6.2. There exists a one-to-one correspondence between the set of r-quadratic extensions of k and the set of unordered 2 r − 1-tuples of square-free and pairwise coprime polynomials.
h r ) be an r-quadratic extension. We associate to such an extension, a 2 r − 1-tuple (f 1 , . . . , f 2 r −1 ) of square-free and pairwise coprime polynomials in the following way: for every i ∈ {1, ..., 2 r − 1}, we write x i 1 . . . x i r for the representation of the integer i in base 2 (so x i ∈ {1, 0} for every i) and we define m i to be the greatest common divisor of all polynomials h j such that the x j = 1.
We then define the polynomials f i as the maximum factor in the decomposition of m i which is coprime with all the h j such that x i j = 0. Notice that, in particular, f 2 r −1 = (h 1 , . . . , h r ). Viceversa, given a tuple (f 1 , . . . , f 2 r −1 ) of square-free and pairwise coprime polynomials, we define the r-quadratic extension k( √ h 1 , . . . , √ h r ), where h i is defined to be the product of the f j such that the i-th digit of j in base 2 is 1, i.e. x j i = 1. Remark 6.3. Notice that, with notations of Theorem 6.2, we have that f 2 r −1 = (h 1 , . . . , h r ), and every h i can be written as h i = f 2 r −1 h ′ i , where h ′ i is coprime with f 2 r −1 (which is a product of some of the remaining polynomials f 1 , . . . , f 2 r −2 ). We sometimes denote the polynomial f 2 r −1 by f . After Theorem 6.2, we are led to define the following sets:
It is easy to prove that if C is an r-quadratic curve whose affine model is given by equations y
(1 + χ(h i (x))). Now, we express this formula in terms of the polynomials f 1 , . . . , f 2 r −1 defined in the proof of Theorem 6.2.
Let us fix (f 1 , . . . , f 2 r −1 ) ∈F (n 1 ,...,n 2 r −1 ) . For every i ∈ {1, . . . , 2 r −1}, we define the polynomial p i as the product of the polynomials f j such that the relation between the representations in base 2 of i and j is the following:
It is immediate to see that, inside the correspondence of Theorem 6.2, the polynomials p 1 , . . . , p 2 r −1 define all the quadratic subextensions of the r-quadratic extension defined by (f 1 , . . . , f 2 r −1 ).
Then we define:Ŝ (f 1 , . . . , f 2 r −1 ) ∶=
and we can rewrite
Lemma 6.4. Let n 1 , . . . , n β be positive integers.
q . The number of elements in the set
Proof. By inclusion-exclusion (see [GGL95, Theorem 13.5]), with
Now we observe that
So finally
From now on, we will define s ∶= 2 r − 2 in order to simplify the formulas. With the same notations of Theorem 6.2 and Remark 6.3 we have the following: Proposition 6.5. Let 0 ≤ l ≤ q, let x 1 , ..., x l be distinct elements of F q , and a where K ∶= ∏ P P P +1 1 + P s−1 ( P +1) s −1 and s ∶= 2 r − 2. Proof. First we observe that {(f 1 , . . . , f 2 r −1 ) ∈ F (n 1 ,...,n 2 r −1 ) ∶ f 2 r −1 (x i )h
n 1 ,...,ns (l)
Using Lemma 6.4 we have that {(f 1 , . . . , f 2 r −1 ) ∈ F (n 1 ,...,n 2 r −1 ) ∶ f 2 r −1 (x i )h Finally, applying Proposition 6.5 as we did in Section 4, we obtain the following generalization of Theorem 4.1: Theorem 6.6. In the limit when the degrees n 1 , . . . , n 2 r −1 go to infinity {(f 1 , . . . , f 2 r −1 ) ∈F (n 1 ,...,n 2 r −1 ) ∶Ŝ(f 1 , . . . , f 2 r −1 ) = M} F (n 1 ,...,n 2 r −1 ) = Prob Observe that Theorem 6.6 specializes to Theorem 1.1 of [BDFL09] when r = 1 and to Theorem 4.1 of the present paper when r = 2.
